Vera Pawlowsky-Glahn and Juan José Egozcue
It is not easy to comment on the many issues raised by Michael in his mails and thoughts
after CoDaWork 2017 in Abbadia San Salvatore. But the ﬁrst thing we want state is that we
do not consider geologists, or any other practitioner, unable to understand something like a
geometric mean. Strange enough after the assertions made by Michael, geologists were the
ﬁrst ones to understand easily balances relating them to geochemical equilibrium, and now
you can see scientists working in omics ﬁelds relating them to phylogenetic trees or nutrient
balances for plants. Not so strange to us is that those who raise their voice stating that
geometric means (or even logarithms) are complicated, while arithmetic means are easy, are
mainly statisticians and mathematicians, but that is the world we have to live in.
We think the initial confusion in Michaels mail about orthogonality, orthonormality and
uncorrelation is now clariﬁed, but given that the debate is now made accessible to all CoDaAssociation members and just to make sure we all speak about the same, let us state it
clearly:
1. Orthogonality and orthonormality are geometrical concepts and correspond to what
we learn in school. Cartesian coordinates are orthogonal, and the unitary vectors
deﬁne a scale between axes which is comparable (i.e. normalised). If you have just
two orthogonal axis, and the coordinates of the two corresponding unitary vectors are
(1,0) and (0,1), their inner product is (1*0 + 0*1) = 0, while their norm is (1*1+0*0)
= 1 for the ﬁrst one, and (0*0+1*1) = 1 for the second, which is the requirement of
normalisation.
Why is that so important? The reason is very simple: standard methods are built on the
explicit or implicit assumption that vector observations are expressed in orthonormal
coordinates, and that these coordinates correspond to unconstraint random variables.
Consequently, if compositions are represented in orthonormal coordinates, standard
methods can be applied without additional care.
2. Uncorrelation is a statistical concept which deﬁnition is based on the Euclidean geometry of real space as an implicit assumption. PC’s are build in such a way that principal
directions, represented by unitary vectors, are orthonormal in a geometric sense and
the corresponding coordinates are uncorrelated in a statistical sense. Balances, when
generated by a sequential binary partition, are orthonormal (Cartesian) coordinates
with respect to an orthonormal basis of the space, i.e. in a geometrical sense. As variables, balances (functions from a composition into the real numbers) can be correlated
or not in a statistical sense.
3. Uncorrelation as a cosinus of real vectors. When a sample of size n of real m-vectors
is available, the columns of the (n, m) data matrix can be considered as real vectors
in Rn . The correlation coeﬃcient is computed as a standardized inner product of
two columns of the data matrix, i.e. the cosine of the angle of such vectors. In this
situation, the statistical concept of uncorrelation is equivalent to orthogonality in Rn
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of the columns of the data matrix. Perhaps this is the origin of the confusion between
geometric orthogonality and statistical orthogonality (or uncorrelation). This can be
extended to Hilbert spaces of random variables . . .
Other issues mentioned by Michael follow:
Diﬀerences between balances and aggregation balances. Obviously, in some cases,
diﬀerences are very subtle and might be really diﬃcult to detect, like in the examples in
Michaels e-mails and text. The problem is that, up to our knowledge, there is no way to know
in advance when it will be so. It reminds us of a situation were it was asked if it is possible
to measure how wrong is an estimated negative concentration; to our understanding this
question should be substituted by the following question: Is it whether possible to measure
how wrong are results obtained using methods which can give nonsensical results? We would
like to emphasize the word can, which means results might not appear to be nonsensical.
Our answer would be: No, at least as far as we know.
The problem with amalgamation is that you change your sample space. You move from
the D-part simplex to the (D − m + 1)-part simplex when amalgamating m parts. And
amalgamation is a non-linear operation in the Aitchison geometry, so things work diﬀerently
after amalgamation. You are not projecting into a subspace, like when you are dealing
with real variables. A particular issue is that amalgamation changes the order of diﬀerences
between observations.
Another issue is to amalgamate ﬁrst, before you start any analysis. This is like stating that
you are unable to distinguish between the amalgamated parts, or that you have no interest in
their separation. But you need to be aware that an analysis based on un-amalgamated parts
might give results that are not consistent with those obtained using amalgamated parts.
One disappointing feature of aggregation balances is that they cannot be (rectilinear)
coordinates of a vector space with perturbation and powering as operations. In fact, in the
Aitchison geometry of the simplex, an aggregate balance does not appear as a straight line.
The consequences of this are quite diﬃcult to transmit to any practitioner. For instance,
imagine a logistic-normal distributed random composition (w, x, y, z). The aggregated balance ln((w +x)/(y +z)) and the simple log-ratios ln(w/x), ln(y/z) cannot be jointly normal
distributed.
Cluster analysis based on balances versus cluster analysis based on aggregation
balances. If the clusters deﬁned with aggregation balances make geological sense, it might
be even ok. But you cannot compare results just graphically, you have to check sample by
sample if the misclassiﬁcation is in one case more important than in the other. The point
that should be clear for a proper interpretation is which is the distance underlaying the cluster
analysis. If a set of orthonormal balances and their Euclidean distance is used in the cluster
analysis, the implied distance in the analysis is the Aitchison distance between compositions.
If this set √
of balances is substituted by the set of corresponding aggregated balances (for
instance, 6/5 ln(g(v, w, x)/g(y, z)) ⇒ ln((v + w + x)/(y + z))) two facts distort the
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geometry: (1) The axes become diﬀerently scaled; (2) the implicit directions become oblique.
Consequently, the Euclidean distance computed with the aggregated coordinates is something
to be studied for a proper interpretation of the cluster analysis.
We do not want to start a discussion on the appropriateness of the alternative Gibbs
diagram and cluster analysis presented by A. Buccianti (2015); here we pretend to discuss
on the amalgamated balances and their uses. This corresponds to an old discussion which
was publicly maintained in the ﬁrst edition of CoDaWork 2003 (Girona, Spain). The present
discussion is essentially reproducing the same point.
Mentioned discussion was initiated by J. Aitchison as a reaction to the isometric log-ratio
(ilr) transformation, at that moment just published. One of the arguments stated by John
was illustrated in the Analysis of the time-budget of goilbirds: How lesser goilbird spends its
time. For a complete statement and discussion by J. Aitchison see
Aitchison, J.: Compositional data analysis: Where are we and where should we be
heading? Proceedings of the CoDaWork 2003, Proc. Compositional Data Analysis Workshop, CoDaWork’03, Girona, Spain CD-format, ISBN 84-8458-111-X, 2003.
During CoDaWork 2003 we prepared a note to answer the stated question. This note
was not published up to now. A reviewed version of that note follows.

Comments on subcompositional independence and orthornormal
basis in the simplex
J. J. Egozcue1 and V. Pawlowsky-Glahn2
In his invited conference to CoDaWork 2003, J. Aitchison discussed some points on the
analysis of compositional data for which some subcompositions play an important role. The
discussion was presented through some examples in order to stress that interpretability of
models should prevail over the mathematical purity of them. Specially concerned was the
adoption of orthonormal bases in the simplex and the corresponding coordinates given by
the ilr transformation (Egozcue et al., 2003).
J. Aitchison (2003) stated that the ilr treatment, being mathematically sound, was generally not necessary or even useless. In certain cases, he proposed the use of amalgamations
and the associated log-contrasts as a more intuitive and practical way of dealing with those
problems. We agree with J. Aitchison’s (2003) statement
My complaint is not that such structure (referred to ilr and orthonormal basis in the simplex) is unimportant, but that we must not let pure mathematical ideas drive us into making
statistical modelling more complicated than it is necessary ...,
but we feel that some mathematical points should be clariﬁed before adopting apparently
simple models. For instance, when working with compositional data which are assumed to
be adapted to the Aitchison geometry of the simplex, the (apparent) simplicity of amalgamation hides its non-linear character in that geometry. Then, models adopted for the sake of
simplicity and interpretability are, ﬁnally, complex and, up to a certain extent, contradictory
with respect to the general and beforehand assumed framework of the problem.
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The following short discussion is mainly directed to propose alternatives to the use of
amalgamation in modelling and the deﬁnition of subcompositional independence (Aitchison,
1986, Section 1.9, 10.3).
Comments on the lesser goilbird example
by J. Aitchison (2003)
John states an example –how lesser goilbird spends its time– to show that the problem of
subcompositional independence can be dealt with following his previous deﬁnition of independence (Aitchison, 1986, section 1.9, 10.3). Additionally, he shows that an alternative way,
mainly inspired in orthonormal bases in the simplex and in particular in the ilr, the isometric
logratio transformation (Egozcue et al., 2003), does not address the relevant problem. Here
we reproduce the statement of the problem.
Our example concerns the behavior pattern of the lesser goilbird, a garden bird whose
territory is confined to a particular garden. Its four activities (feeding, fighting | perching,
sleeping) divide themselves into two natural divisions: active, including feeding and fighting,
and passive, including perching and sleeping. Obvious behavioral questions are whether
active and passive patterns are independent and whether these patterns are independent of
the division of the day between active and passive.
Denoting by x1 , x2 | x3 , x4 the proportions of time spent in feeding, ﬁghting | perching,
sleeping, respectively, and following J. Aitchison (2003) again, he claims that the relevant
question in terms of logratios is whether
y1 = log

x1
x3
x1 + x2
, y2 = log
, y3 = log
,
x2
x4
x3 + x4

are distributed independently.
We agree that this may be a relevant question, but think that a condition should be
fulﬁlled: the amalgamations x1 + x2 and x3 + x4 should have a full, well-deﬁned meaning.
This is stated in the problem: they are the active and passive patterns, and their ratio
is interesting by itself. Even so, it can be argued that active and passive can, or can
not, correspond to x1 + x2 and x3 + x4 . There is here a prejudice about the sum, which
is implicitly assumed to be ”the“ operation between proportions; in its place it could be
√
√
√
√
something like log x1 + log x2 and log x3 + log x4 , or even x1 + x2 and x3 + x4 .
Although the scenario is planned in a very practical way, and the way of facing it is
clear, some disappointing theoretical questions appear. A ﬁrst one is related with possible
probability distributions of such behavioral patterns. J. Aitchison (1986) introduced the
additive logistic normal (aln) distribution for random compositions and it has been proven
to be a useful model. It appears frequently in practice due to its stable character under
perturbation errors. Perhaps, the aln model could also be adequate for the behavior patterns
of the lesser goilbirds. The striking fact is that, if the aln is assumed for the 4-part behavior
pattern, it cannot be postulated for the amalgamated composition in S 2 (x1 + x2 , x3 + x4 ).
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The reason is not intuitive, but it is simple. A three dimensional normal distribution has
only three directions in which the corresponding variabilities are mutually independent, i.e.
the directions of the eigenvectors of the covariance matrix, which are orthogonal. Since the
logratios y1 , y2 are the coordinates of the behavior pattern for two orthogonal directions and
y3 is a coordinate in a curvilinear and non-orthogonal reference, it cannot be independent
from y1 , y2 , unless we renounce to the aln model.
A second uncomfortable property appears when a perturbation is applied to the behavior
patterns. Continuing with the lesser goilbird ﬁctitious example, a biologist was motivated by
previous results on independence between active-passive behaviours of the lesser goilbird and
he got a new data base with behavior patterns in four parts, like that previously obtained.
However, the gardens where the goilbirds lived were larger than in the previous study, and
the need of ﬁghting was halved. Meanwhile the other activities ratios remained unaltered,
i.e. the behavioral pattern was perturbed by p = C(1, 1/2, 1, 1). The biologist tried to
attain again the nice result on independence of the logratios y1 , y2 , y3 , but he failed:
independence of y1 and y2 was acceptable but y3 showed some dependence from the other
two logratios. Although somewhat disappointed, the biologist published a celebrated paper
where the independence on how the lesser goilbirds organize the active time and the passive
time was ﬁrmly stated. Nobody asked —including the referees— for the independence of
the aggregated balance y3 with respect to y1 and y2 .
Independence of y3 was lost after perturbation because y3∗ = log((p1 x1 + p2 x2 )/(p3 x3 +
p4 x4 )) is a function of y3 , but also of y1 and y2 . The function is non-linear and covariance
may in certain cases remain null or near null but, in general, changes of covariance are
expected.
We point out that, if the logratios describing the behavior pattern of lesser goilbirds were
z1 = y1 , z2 = y2 and z3 = log((x1 x2 )/(x3 x4 )), the disappointing surprises mentioned before
would not have taken place. Certainly, z3 is the 3rd coordinate of the behavior pattern in an
orthogonal reference, but z3 might not be considered an adequate descriptor of the balance
between active and passive activities and, consequently, the independence of z1 , z2 and z3
is not relevant.
Another point can be highlighted in this example. The logratios z1 , z2 and z3 are
only proportional to the ilr coordinates of the behavior patterns, and this is so because the
corresponding basis was not normalized. Apparently this is not very important but, once the
correlation matrix of the y’s is ﬁxed, as in Aitchison (2003), the covariances between the z’s
depend on the normalization.
Our conclusion: simple is better, provided that it is not misleading, i.e. suggesting that
methods potentially leading to non-sensical results can be applied blindly. Simplicity underlies
the principle of parsimony, and we strongly support it. But one should not confound simple
with simplistic, introducing confusion. Computing the correlation between two parts of a
composition is easy, but it is spurious, and thus it is simplistic to say that it should be used,
because it is simple.
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For a description and use of coordinates a more detailed explanation is in Chapter 4 of
Pawlowsky-Glahn, Egozcue and Tolosana-Delgado (2015). For an example of oblique and
curvilinear coordinates see examples 4.19 and 4.20. For an example of aggregated (amalgamated) balances as coordinates see Exercise 27 and its solution.
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Figure 1: J. Aitchison and J.J. Egozcue discussing on how goilbirds spend their time. Picture taken during
CoDaWork 2003, Girona, October 15-17, 2003
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